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Abstract We prove that a de Morgan lattice is compactly generated if and only if its or-
der topology is compatible with a uniformity on L generated by some separating function
family on L. Moreover, if L is complete then L is (0)-topological. Further, if a basic alge-
bra L (hence lattice with sectional antitone involutions) is compactly generated then L is
atomic. Thus all non-atomic Boolean algebras as well as non-atomic lattice effect algebras
(including non-atomic M V-algebras and orthomodular lattices) are not compactly generated.

Keywords Compact element - Compactly generated - de Morgan lattice - Basic algebra -
Lattice effect algebra

1 Introduction

In 1992, in the study of axiomatic system of fuzzy sets Kdpka [8] defined a new structure,
a so called D-poset of fuzzy sets, which is closed under the formation of differences of
fuzzy sets. A generalization of a D-poset of fuzzy sets to an abstract partially ordered set,
where the basic operation is the difference were introduced in [9]. Simultaneously it was
introduced an equivalent in some sense structure called effect algebra [4] as a generalization
of Hilbert-space effects interpreted as the “unsharp” quantum events. Differently from the
“sharp” events the effects do not satisfy the non-contradiction principle, i.e., the conjunc-
tion of a and non a may be different from zero. These new logical structures for presence
of propositions, properties, questions or events with fuzziness, uncertainty or unsharpness
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generalize orthomodular lattices (including Boolean algebras) as well as MV-algebras em-
ployed by C.C. Chang in the analysis of many valued logics [2]. E.g., carriers of probabilities
in quantum or fuzzy theory are effect algebras.

A partial algebra (E; @, 0, 1) is called an effect algebra if 0, 1 are two distinct elements
and @ is a partially defined binary operation on E which satisfy the following conditions
forany a,b,c € E:

(Ei) b®a=a®bifa®b is defined,

(Eii) (a®b)®c=a® (b®c) if one side is defined,
(Eiii) for every a € E there exists a unique b € E suchthata @ b =1 (we puta’ = b),
(Eiv) if 1 @ a is defined then a = 0.

We often denote the effect algebra (E; @, 0, 1) briefly by E. In every effect algebra E we
can define the partial order < by puttinga <b and b©&a =c iff a @ c is defined and a ®
c=b.

If E with the defined partial order is a lattice (a complete lattice) then (E; @,0, 1) is
called a lattice effect algebra (a complete lattice effect algebra).

Recall that a set Q C F is called a sub-effect algebra of the effect algebra E if

@ 1leQ

(>ii) if out of elements a, b, c € E witha @ b =c two are in Q, thena, b,c € Q.

If a sub-effect algebra Q of a lattice effect algebra E is simultaneously a sublattice of £
then Q is called sub-lattice effect algebra.

We say that a finite system F = (ay);_, of not necessarily different elements of an ef-
fect algebra (E; @, 0, 1) is @-orthogonal if a; @ a, & - - - ® a,, (written EBZ:| agor PF)
exists in E. Here we define a; @a, ®--- P a, =(a ®a, ® --- ® a,—1) @ a, supposing
that @Z: ay exists and @Z;} ax < a),. An arbitrary system G = (a, ).cn 0f not necessarily
different elements of E is @-orthogonal if @ K exists for every finite K € G. We say that
for a @-orthogonal system G = (a, ),y the element P G exists iff \/{PK | K € G, K is
finite} exists in E and then we put @ G = \/{P K | K C G} (we write G| C G iff there is
H; C H such that G| = (ac)rem,)-

Finally note that lattice effect algebras generalize orthomodular lattices [6] (includ-
ing Boolean algebras) if we assume existence of unsharp elements x € E, meaning that
x A x" # 0. On the other hand the set S(E) = {x € E | x Ax" =0} of all sharp elements of a
lattice effect algebra E is an orthomodular lattice [5]. In this sense a lattice effect algebra is
a “smeared” orthomodular lattice. An orthomodular lattice L can be organized into a lattice
effect algebra by setting a @ b = a Vv b for every pair a, b € L such that a < bt.

For an element x of an effect algebra E we write ord(x) =ocoif nx =x@x P --- D x
(n-times) exists for every positive integer n and we write ord(x) = n, if n, is the greatest
positive integer such that n,x exists in E. An effect algebra E is Archimedean if ord(x) < oo
for all x € E. We can show that every complete effect algebra is Archimedean (see [11]).
An element a of an effect algebra E is an atom if 0 < b < a implies b =0 and E is called
atomic if for every nonzero element x € E there is an atom a of E with @ < x. An element
u € E is called finite if either u = 0 or there is a finite sequence {pi, p2,..., p,} of not
necessarily different atoms of E suchthatu =p, @ p, ®--- ® p,.

The aim of this paper is to study compactly generated lattice effect algebras (or more
general compactly generated basic algebras). Our main result states that all of them must be
atomic. Moreover, we show that a de Morgan lattice is compactly generated if and only if its
order topology is compatible with a uniformity on L generated by some separating function
family on L.
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2 Compactly Generated de Morgan Lattices

Definition 1 A structure (E <,’, 0, 1) is called a de Morgan lattice if (E, <) is a lattice and’
is a unary operation with properties a < b = b’ <a’ and a = a”. We will speak sometimes
about a duality operation’.

In fact in a de Morgan lattice we have a < b iff b’ <a’,becausea <b=>b'<a' = a" <
b =a<b.If(E,,0,1)is an effect algebra, then for a € E there is a unique a’ € E such
that a @ a’ = 1. Moreover, E is a poset with a < c iff a @ b is defined for some b € E such
that a @ b = c. It easy to see that then a lattice effect algebra (E, <,”) is a de Morgan lattice
[10].

Definition 2 A net (a,)qce of elements of a poset (P; <) order converges ((0)-converges,
for short) to a point a € P if there are nets (#y)ace and (vy)qece Of elements of P such that

atug<ay<vyla.

We write a, 9 a. The order topology T, on P is the finest topology on P such that for every

¢ .
net (ay)qce of elements of P a, 9 ain P = a, - a, where a, 3 a denotes that (ag)ace
converges to a € P in the topological space (P, t,).

Lemma 1 Let E be a de Morgan lattice. Then a, 1 a iff a,, | a’ and a, 9 g iff a, 9.

Proof Let a, 1 a. Then for all o, a5 € €, a) < o we have a,, < a,, hence at;z < a&l,
which implies that a/, |. Now a, 1 a means that a = \/{ay|o € £} and hence a, < a for
all @ € £. This implies @’ < a,. Let d < a,, for all « € £ then a, < d’ for all « € £ which
implies a < d’ hence d < a’. This proves that a, | a’. Now the rest is obvious. O

Remark 1 Ttis easy to check that, for an (0)-continuous de Morgan lattice E and for any x,,

Yas X,y € E, we have x,, &x,ya ﬂ)yimpliesxa\/yaﬂ)x\/yandxa/\ya ﬂ>x/\y.

Definition 3 A subset U of a bounded lattice L = (L, V, A, 0, 1) is join-dense if for any
two elements x,z € L with x £ z, there is some u € U with u < x but u £ z. Thus U is
join-dense in L iff each element of L is a join of elements from U. Meet-density is defined
dually.

Let L be a lattice such that there exist &/, )V € L such that for every x € L we have that

x=\/{u€U|u§x}=/\{veV|x§v}.

Consider the function family ® ={f, |u e U} U {g, | v € V}, where f,, g, : L — {0, 1},
u €U, v eV are defined by putting

£.00) 1 iffu <x, d o) 1 iffx <w, for all L
L (x) = an W(y) = orall x,y € L.
0 iffutx 800 itrx £, Y

Further, consider the family of pseudometrics on L: ¥¢ = {p, |u e U} U {7, | v € V},
where p, (@, b) = | fu(a) — f,(b)| and ,(a, b) = |g,(a) — g,(b)| foralla, b € L.
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Let us denote by Uy the uniformity on L induced by the family of pseudometrics o
(see e.g. [3]). Further denote by 74 the topology compatible with the uniformity U .
Then for every net (x,)qce Of elements of L

Xo 20 xiff ¢(xy) > @(x) forany ¢ € ®.

This implies, since f,, u € U, and g,, v € V, is a separating function family on L, that
the topology t¢ is Hausdorff. Moreover, the intervals [u, v] = [u, 1] N [0, v] = fu‘l({l}) N
g, '({1}) are clopen sets in 7o. Hence any interval [\//_, u;, \j_, vl = (' [ui, vil, u; €
U, v; € Visclopen in 7g.

Recall that a subset W C L is called directed if for any two elements x, y € W there is
an element z € W such that x < z and y < z. Filtered subsets are defined dually.

Lemma 2 Let L be a de Morgan lattice such that there exist U,V C L, U directed and
Jjoin-dense in L and V filtered and meet-dense in L. Then t, C 1¢.

Proof Let x € L be arbitrary and x e U € 7,. Put P, ={u e L |u <x,ucl}and Q, =
fveL|x<wv,veV} Then x =\/ P, and x = /\ Q,. For every finite set F € P, U Q,
weputur =\/(FNPy) and vp = A\(F N Q). Evidently £ ={F C P, U Q, | F is finite}
is directed by set inclusion and up 1 x, vg | x. Since x € U € 1, there is Fy € £ such
that [ug,, vr,] S U (see, e.g., Appendix B by H. Kirchheimové and Z. RieCanovd, Propo-
sition B.2.1 (ii) in [7]) and the interval [uf,, v, ] is To-clopen by the above remark. Hence
any open set from t, is a union of clopen sets from tg,. ]

Definition 4 (1) An element a of a lattice L is called compact iff, for any D C L with
\/DelL,ifa<)\/Dthena <\/F for some finite F C D.

(2) A lattice L is called compactly generated iff every element of L is a join of compact
elements.

The notions of cocompact element and cocompactly generated lattice can be defined
dually.

Theorem 1 Let L be a de Morgan lattice such that there exist U,V C L, U directed and
Jjoin-dense in L and V filtered and meet-dense in L. Then the following conditions are equiv-
alent:

1. 7, =1o.
2. Elements of U are compact and elements of V are cocompact. Hence L is compactly
generated by U.

Proof (1) = (2): LetueU, DC L, u <\/D = x. For every finite F C D we set
dr =\/ F. Then dr 1 x. Hence dr ﬂ) x and therefore dr 5 x. Since T, = T We have
that dr ~®, x. Thus fu(dF) = fu.(x). That means that there exists a finite subset Fo C D
such that for all finite ' C D, Fy C F we have that 1 = f,(x) = f,(dF). Therefore u < dp,.
The case v € V can be proved dually.

(2) = (1): Let us show that x, ﬂ) x implies x, %, . Assume that Uy < Xy < vy for
all o such that u, 1 x and v, | x. Let u e U. If f,(x) =0 we have that u £ x. Therefore
u £ u, for all @ ie. f,(u,) = 0. Moreover there exists an index o such that u £ v, i.e.
Ju(vy) =0 for all @ > . If f,,(x) =1 we have that u < x. Hence by compactness of u
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there is an index o such that u# < u,,. This immediately implies that for all o > oy we have
u <xqie. f,(uy) =1.Clearly, u <v, forall a i.e. f,(vy) = 1.

Hence in both cases we have that f,(x,) is eventually constant. Therefore f,(x,) —
Ju(x). The case v € V can be proved dually. Hence we have, for all # € ¢/ and for all v € V,
Ju(xe) = fu(x) and g, (xy) — gu(x).

Since 7, is the finest (strongest) topology on L such that x, 9y implies topological
convergence we have that t, D 7. The reverse inclusion follows from Lemma 2. O

Lemma 3 Let L be a complete de Morgan lattice such that there exist U,V C L, U directed
and join-dense in L and V filtered and meet-dense in L. Then, for any net (x,) of L and any

0 . . (0)
x € L, xy —> x implies x, —> x.

Proof Let x, SO x. Tt s easy to check that x, O iff x = \/ﬁes /\azﬁxa =
Npee VaspXo- For every u € U, u < x there exists an index B(u) such that for every
a > B(u) we have u < x,. Therefore u < x, u € U implies u < \/ﬁeg /\azﬁxa and
hence x < \/4e Aysp¥e- The case v € V can be proved dually. Hence we have that

* > Npee VaspXar Now x < Voo ApopXe < Npes VaspXa < x. This means that

xa(—u)>x. O

Theorem 2 Let L be a complete de Morgan lattice such that there exist U,V C L, U di-
rected and join-dense in L andV filtered and meet-dense in L. Then the following conditions
are equivalent:

1. For any net (x,) of L and any x € L, x, 25 x if and only if x, N
2. L is compactly generated by U and cocompactly generated by V.

Moreover, any of the conditions (1) and (2) implies the condition (3).

3. L is (0)-topological i.e., order convergence of nets of elements coincides with conver-
gence in the order topology t, and it makes lattice and duality operations continuous.

Proof (2) = (1): From the proof of Theorem 1 we know that x, 9, x implies x, =2 x.
The reverse implication follows from Lemma 3.

(1) = (2): This follows evidently from the proof of Theorem 1.

(1) = (3): In view of Theorem 1 we have that t, = t4 and L is o-continuous. From
Lemma 1 and Remark 1 we have that L is (0)-topological with respect to the topology t¢. [J

Let L be a de Morgan lattice such that such that there exist ¢/, V C L, U join-dense in L
and V meet-dense in L. Let MC(L)= L be the MacNeille completion of L.

Then for every x el wehavethatx—\/{u cU|u <x}—/\{veV|x <v}.

Consider the function family P = {fu lu eU}U{g, |veV} f,,, g L— {0, 1},
u €U, v €V are defined by putting

.00 1 iffu<x o) 1 iffx<v
V0 ittuzx s YT )0 ffx 2o

forall x,y e L.
Let us consider the famlly of pseudometrics on L: S =1{puluec}u {nu |veV),
where 7, (a, b) = | fu(a) — fu(b)] and 7, (a, b) = 8, (a) — g (b)| forall a, b € L.
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We will denote by U3 the uniformity on L induced by the family of pseudometrics X3
by 75 the topology compatible with the uniformity Uz. We have, for every net (xo)ace Of
elements of L

Xy oy iff P(xe) > @(x) forany @ € ®.

The Lemma 2 ensures that, for ¢/ directed and V filtered, T, € 75. We obtain the follow-
ing common corollary of Theorems 1 and 2.

Theorem 3 Let L be a de Morgan lattice such that there exist U,V C L, U directed and
Jjoin-dense in L and V filtered and meet-dense in L. Then the following conditions are equiv-
alent:

1. 7,=75.
2. Elements of U are compact in L and elements of V are cocompact in L. Hence L is
compactly generated by U.

3. For any net (xy) on and any x € Z, Xo BCN x if and only if x, BN X.

By ([15], Theorem 5.4 and 5.5) every complete atomic modular lattice effect algebra E
is compactly generated by finite elements and E is (0)-continuous. Thus Theorem 2 and [7,
Proposition 2.1] have the following corollary:

Theorem 4 Let E be a complete atomic modular lattice effect algebra. Then

1. E is an (0)-topological lattice.
2. 1, has a base of clopen sets of the form [u, v], where u, v’ are finite elements in E.

Note that examples of modular lattice effect algebras are all MV-algebras (lattice ef-
fect algebras with a unique block) because they are distributive lattices. Moreover, modular
are all lattice effect algebras possessing (0)-continuous faithful valuations (see [13], Theo-
rem 5.4).

3 Compactly Generated Basic Algebras

A basic algebra [1] (lattice with sectional antitone involutions) is a system L = (L; Vv, A,
(“aer,0, 1), where (L; Vv, A, 0, 1) is a bounded lattice such that every principal order-filter
[a, 1] (which is called a section) possesses an antitone involution x > x¢.

Clearly, any principal ideal [0, x], x € L of a basic algebra L is again a basic algebra.

Theorem 5 Let L be a compactly generated basic algebra. Then L is atomic.

Proof Let x € L, x # 0. Since L is compactly generated there is a compact element u € L,
u # 0 such that u < x. We have a duality, say * on [0, «]. By Hausdorff’s maximality prin-
ciple there is a maximal chain C in the sub-poset (0,u]={y e L:0<y <u}.

Either O is the unique lower bound of C in the poset [0, u] or there is some non-zero
lower bound of C.
(a) If O is the unique lower bound of C in the poset [0, u] then u = 07 is the unique upper
bound of the chain C* = {c* | ¢ € C} and hence u = \/ C*. Because u is compact there
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exist ¢?, ..., ¢k € C¥ such that u < ¢t v --- v ¢f, <\/ C* = u. It follows that there exists
an element cg e C* C [0, u] such that c?, sl < cg. Hence u < cg < u which implies that
co= cgu =u® =0, a contradiction with C < (0, u].

(b) Let a be a non-zero lower bound of C. Then a € (0, #] and a < ¢ for all ¢ € C. Clearly,
C U {a} is again a chain in (0, u]. Since C € C U {a} and C is a maximal chain in (0, u] we
obtain that a € C. Hence a is the unique non-zero lower bound of C and therefore an atom
of [0, u]. This yields that a is also an atom of L such thata <u < x. O

A well known example of a basic algebra is a lattice effect algebra (E; @, 0, 1). Really,
if x € E, x # 0 then for every y € [0, x] there exists the unique y* such that y ® y* = x,
hence y* = x © y. Evidently y, < y, implies yg < y? and y¥* =y for all y, y;, y» € [0, x].
Thus we obtain the following corollary of Theorem 5.

Theorem 6 Let (E; ®,0,1) be a compactly generated lattice effect algebra. Then E is
atomic.

Lemma 4 Let (E; ®,0,1) be an atomic Archimedean lattice effect algebra. Then every
compact element of E is finite.

Proof Assume that u € E is compact. Either u = 0 and we are finished or u # 0. Then
by Theorem [14, Theorem 3.3] there exist a set of atoms {a, | € A} and positive integers
k,, @€ A such that

U= @{kaaa |la e A} = \/{kaaa | € A}.

Since u is compact there exists a finite set Ay C A such that u < \/{kea, | @ € Ao} =
Plhaas | @ € Ao} < Plkaas | @ € A} =u. Hence u = Plkyaq | @ € Ao} is finite. O

The next example shows that in Lemma 4 the assumption that E is Archimedean cannot
be omitted.

Example 1 Assume the so-called Chang MV-effect algebra E = {0, @, 2a, ..., (2a)’, a, 1},
i.e., ka, (ka) € E for every positive integer k. Then evidently E is compactly generated
lattice since every element of E is compact. Nevertheless, elements (ka)’ for every positive
integer k are not finite.

Clearly E is a non-Archimedean atomic lattice effect algebra, as ord (a) = oo. Thus E
is not compactly generated by finite elements. Finally note that there is no complete lattice
effect algebra with E being its sub-lattice effect algebra, since every complete lattice effect
algebra is Archimedean (see [11]).

Note that by Theorem 6 we obtain that e.g., similarly to a non-atomic complete Boolean
algebra B also the standard MV-effect algebra M = [0, 1] € R of real numbers is not com-
pactly generated in spite of that they both are (0)-continuous lattices. The next theorem gives
necessary and sufficient conditions for that.

Theorem 7 Let E be an Archimedean lattice effect algebra. Then the following conditions
are equivalent:

(1) E is a compactly generated lattice.
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(i) E is an atomic (0)-continuous lattices.
(iii) E is a compactly generated lattice by finite elements.

Proof (i) = (ii): By Theorem 6 E is atomic and evidently every compactly generated
lattice is (0)-continuous.

(i) = (ii): Let DC Eand x =\/Dexistin E. Letu =a; ®a, ® --- & a,, where
ap € E, for k =1,...,n are not necessarily different atoms. Set ¥ ={F | F C D, F is
finite}. Then F is a directed set by partial order F; < F, iff F| C F,. For every F € F we
putxp =\/ F.Thenxr *\/ D = x.

If u < x then by (0)-continuity of E we obtain that a; Axr 1 a; Ax = a,.Because a; Axg
is equal to @; or 0, there is F; € F such that for all F > F; we have a; A xp = a; < xp. This
implies that xz © a; 1 x © ay, for F > F. In the same manner there is F, > Fy, F, € F
such that ((xp) ©a)) ©ax 1 (x © a)) © az, ay ® a, < xp, < xp for F > F,. By induction
thereis F,, € F suchthata; @ a, ® --- ®a, <xp, <xpfor F € F, F > F,. As F, is finite,
F,CDanda ®ax® - ®a, <\/ F, =xp,, we conclude that u is a compact element of
E. Moreover, by [12] for every x € E we have x = \/{u € E | u is a finite element}. We
conclude that E is compactly generated by finite elements.

(iii) = (i): This is evident. O
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